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CONNECTED COMPONENTS OF THE SPACE OF SURFACE GROUP
REPRESENTATIONS
NAN-KUO HO AND CHIU-CHU MELISSA LIU
Abstract. Let G be a connected, compact, semisimple Lie group. It is known that for a
compact closed orientable surface Σ of genus l > 1, the order of the group H2(Σ, pi1(G))
is equal to the number of connected components of the space Hom(pi1(Σ), G)/G which can
also be identified with the moduli space of gauge equivalence classes of flat G-bundles over
Σ. We show that the same statement for a closed compact nonorientable surface which is
homeomorphic to the connected sum of k copies of the real projective plane, where k 6= 1, 2, 4,
can be easily derived from a result in A. Alekseev, A.Malkin and E. Meinrenken’s recent work
on Lie group valued moment maps.
1. introduction
Let Σ be a closed compact orientable surface of genus l > 1. In [Go], W.M. Goldman
conjectured that for any connected complex semisimple Lie group G, there is a bijection
pi0(Hom(pi1(Σ), G)) → H
2(Σ;pi1(G)) ∼= pi1(G).
In [Li], J. Li proved the above conjecture by Goldman as well as the following:
Theorem 1 ([Li, Theorem 0.5]). Let Σ be a closed orientable Riemann surface of genus l > 1.
Let G be a connected, compact, semisimple Lie group. Then there is a bijection
pi0(Hom(pi1(Σ), G)/G) → H
2(Σ;pi1(G)) ∼= pi1(G),
where G acts on Hom(pi1(Σ), G) by conjugation.
Geometrically, Hom(pi1(Σ), G)/G can be identified with the moduli space of gauge equiva-
lence classes of flat G-bundles over Σ, where a flat G-bundle is a principal G-bundle together
with a flat connection. It is known that there is a one-to-one correspondence between topolog-
ical principal G-bundles over Σ and elements in H2(Σ;pi1(G)) ∼= pi1(G). In [Li], J. Li combined
the argument in [Ra] and [AB] to prove that the moduli space of gauge equivalence classes of
flat connections on a fixed underlying topological principal G-bundle over Σ is nonempty and
connected, where Σ and G are as in Theorem 1.
The main result in this paper is the following analogue of Theorem 1.
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Theorem 2. Let Σ be a closed compact nonorientable surface which is homeomorphic to the
connected sum of k copies of the real projective plane, where k 6= 1, 2, 4. Let G be a connected,
compact, semisimple Lie group. Then there is a bijection
pi0(Hom(pi1(Σ), G)/G) → H
2(Σ;pi1(G)) ∼= pi1(G)/2pi1(G),
where 2pi1(G) denote the subgroup {k
2 | k ∈ pi1(G)} of the finite abelian group pi1(G).
One can see the isomorphism H2(Σ;pi1(G)) ∼= pi1(G)/2pi1(G) as follows. By the universal
coefficient theorem of cohomology, we have a short exact sequence
0→ Ext(H1(Σ;Z), pi1(G))→ H
2(Σ;pi1(G))→ Hom(H2(Σ;Z), pi1(G))→ 0,
where H1(Σ,Z) ∼= Z
k−1 ⊕ Z/2Z, and H2(Σ,Z) = 0. So we have
H2(Σ, pi1(G)) ∼= Ext(Z/2Z, pi1(G)) ∼= pi1(G)/2pi1(G).
Let Σ be a closed compact nonorientable surface. It is known that there is a one-to-one cor-
respondence between topological principal G-bundles over Σ and elements in H2(Σ;pi1(G)) ∼=
pi1(G)/2pi1(G). The geometric interpretation of Theorem 2 is that the moduli space of gauge
equivalence classes of flat connections on a fixed underlying topological principal G-bundle
over Σ is nonempty and connected, where Σ and G are as in Theorem 2. More details of this
geometric interpretation will be given in Appendix A.
We will show that both Theorem 1 and Theorem 2 can be easily derived from the following
Fact 3, without identifying Hom(pi1(Σ), G)/G with the moduli space of gauge equivalence
classes of flat G-bundles over Σ.
Fact 3. Let G be a compact, semisimple, connected and simply connected Lie group. Let l be
a positive integer. Then the commutator map µlG : G
2l → G defined by
(1) µlG(a1, b1, . . . , al, bl) = a1b1a
−1
1 b
−1
1 · · · albla
−1
l b
−1
l
is surjective, and (µlG)
−1(g) is connected for all g ∈ G.
The surjectivity follows from Goto’s commutator theorem [HM, Theorem 6.55]. The com-
mutator map µlG in Fact 3 is a group valued moment map of the q-Hamiltonian G-space G
2l
in the sense of A. Alekseev, A. Malkin, and E. Meinrenken [AMM]. By [AMM, Theorem 7.2],
all the fibers of the moment map of a connected q-Hamiltonian G-space are connected if G is
a compact, connected and simply connected Lie group.
This paper is organized as follows. In Section 2, we explain how Fact 3 implies Theorem 1
as well as the genus one case. In Section 3 and Section 4, we derive Theorem 2 from Fact 3
for odd k and even k, respectively. In Section 5, we discuss the cases k = 1, 2, 4 which are not
covered by our main result. In Appendix A, we give algebraic and geometric interpretations
of the obstruction map used in our proof.
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2. Compact orientable surfaces
In this section, Σ is a closed Riemann surface with genus l > 0. Note that Hom(pi1(S
2), G)/G
consists of a single point, so Theorem 1 is not true for the genus zero case.
Let G be a connected, compact, semisimple Lie group, and let ρ : G˜ → G be the universal
covering map which is also a group homomorphism. Then G˜ is a compact, semisimple, con-
nected and simply connected Lie group, and Kerρ is a subgroup of the center Z(G˜) of G˜ which
is abelian.
Let µlG : G
2l → G be the commutator map defined as in (1), and let e be the identity element
of G. Then Hom(pi1(Σ), G) can be identified with
(µlG)
−1(e) = {(a1, b1, . . . , al, bl) ∈ G
2l | a1b1a
−1
1 b
−1
1 · · · albla
−1
l b
−1
l = e}.
There is an obstruction map (see e.g.[Go])
o2 : Hom(pi1(Σ), G) ∼= (µ
l
G)
−1(e)→ Kerρ
defined by
(a1, b1, . . . , al, bl) ∈ (µ
l
G)
−1(e) 7→ a˜1b˜1a˜
−1
1 b˜
−1
1 · · · a˜lb˜la˜
−1
l b˜
−1
l ∈ Kerρ,
where (a˜1, b˜1 . . . , a˜l, b˜l) is a preimage of (a1, b1, . . . , al, bl) under ρ
2l : G˜2l → G2l. It is easily
checked that the definition does not depend on the choice of (a˜1, b˜1, . . . , a˜l, b˜l) and o2 descends
to a continuous map
o¯2 : Hom(pi1(Σ), G)/G → Kerρ.
For each k ∈ Kerρ, there is a surjective continuous map
(µl
G˜
)−1(k)→ o¯−12 (k)
which is the restriction of G˜2l
ρ2l
→ G2l → G2l/G, where G acts on G2l by diagonal conjugation.
By Fact 3, (µl
G˜
)−1(k) is nonempty and connected for each k ∈ Kerρ, so o¯2 is surjective, and
o¯−12 (k) is connected for each k ∈ Kerρ
∼= pi1(G). This gives Theorem 1 as well as the genus one
case.
3. connected sum of a odd number of copies of the real projective plane
In this section, Σ is a closed compact nonorientable surface which is homeomorphic to the
connected sum of 2l+1 copies of RP 2, or equivalently, the connected sum of a Riemann surface
of genus l and RP 2, where l > 0.
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Let G be a connected, compact, semisimple Lie group, and let ρ : G˜ → G be the universal
covering map. The space Hom(pi1(Σ), G) can be identified with
X = {(a1, b1, . . . , al, bl, c) ∈ G
2l+1 | a1b1a
−1
1 b
−1
1 · · · albla
−1
l b
−1
l c
2 = e},
where e is the identity element of G.
Let K = Kerρ ∼= pi1(G), and let 2K be the subgroup {k
2 | k ∈ K} of the finite abelian group
K. There is an obstruction map
o2 : Hom(pi1(Σ), G) ∼= X → K/2K
defined by
(a1, b1, . . . , al, bl, c) ∈ X 7→ a˜1b˜1a˜
−1
1 b˜
−1
1 · · · a˜lb˜la˜
−1
l b˜
−1
l c˜
2 ∈ K/2K,
where (a˜1, b˜1 . . . , a˜l, b˜l, c˜) is a preimage of (a1, b1, . . . , al, bl, c) under ρ
2l+1 : G˜2l+1 → G2l+1. It
is easily checked that the definition does not depend on the choice of (a˜1, b˜1, . . . , a˜l, b˜l, c˜) and
o2 descends to a continuous map
o¯2 : Hom(pi1(Σ), G)/G→ K/2K.
For each k ∈ K, define
X˜k = {(a1, b1, . . . , al, bl, c) ∈ G˜
2l+1 | a1b1a
−1
1 b
−1
1 · · · albla
−1
l b
−1
l c
2 = k}.
Let k¯ denote the image of k under K → K/2K. Then there is a surjective continuous map
X˜k → o¯
−1
2 (k¯)
which is the restriction of G˜2l+1
ρ2l+1
→ G2l+1 → G2l+1/G, where G acts on G2l+1 by diagonal
conjugation. Let e˜ denote the identity element of G˜. For each k ∈ K, X˜k contains (µ
l
G˜
)−1(k)×
{e˜} which is nonempty by Fact 3. Therefore, o¯2 is surjective. It remains to show that X˜k is
connected for all k ∈ K, which will imply o¯−12 (k¯) is connected for all k¯ ∈ K/2K.
Let Q′ : G˜2l+1 → G˜ be the projection to the last factor. The restriction of Q′ to X˜k gives a
map Q : X˜k → G˜, (a1, b1, . . . , al, bl, c) 7→ c. Fact 3 implies that Q is surjective and Q
−1(c) is
connected for all c ∈ G˜. Let q ∈ T be a square root of k ∈ Z(G˜) ⊂ T , where we fix a maximal
torus T of G˜. To prove that X˜k is connected, it suffices to show that for any c ∈ G˜, there is a
path γ : [0, 1]→ X˜k such that γ(0) ∈ Q
−1(q) and γ(1) ∈ Q−1(c).
For any c ∈ G˜, there exists g ∈ G˜ such that g−1cg ∈ T . Let g˜ and t be the Lie algebras
of G˜ and T , respectively. Let exp : g˜ → G˜ be the exponential map. Then g−1cgq−1 = exp ξ
for some ξ ∈ t. Let W be the Weyl group of G˜, and let w ∈ W be a Coxeter element. The
linear map w : t→ t has no eigenvalue equal to 1 [Hu, Section 3.16], so there exists ξ′ ∈ t such
that w · ξ′ − ξ′ = ξ. Recall that W = N(T )/T , where N(T ) is the normalizer of T in G˜, so
w = aT ∈ N(T )/T for some a ∈ G˜. We have
a exp(tξ′)a−1 exp(−tξ′) = exp(tξ)
for any t ∈ R.
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The group G˜ is connected, so there exists a path g˜ : [0, 1] → G˜ such that g˜(0) = e˜ and
g˜(1) = g. Define γ : [0, 1]→ G˜2l+1 by
γ(t) = (a(t), b(t), e˜, . . . , e˜, c(t)),
where
a(t) = g˜(t)ag˜(t)−1, b(t) = g˜(t) exp(−2tξ′)g˜(t)−1, c(t) = g˜(t)q exp(tξ)g˜(t)−1.
Then the image of γ lies in X˜k, γ(0) = (a, e˜, e˜, . . . , e˜, q) ∈ Q
−1(q), and
γ(1) = (gag−1, g exp(−2ξ′)g−1, e˜, . . . , e˜, c) ∈ Q−1(c).
Remark 4. Let M be a manifold, and let G be a compact Lie group. By [AMM, Definition
2.2 (B1)], a necessary condition for a map µ : M → G to be a group valued moment map is
µ∗χ being exact, where χ is the canonical closed bi-invariant 3-form on G.
Let G˜ be as above, and define µ˜ : G˜2l+1 → G˜ by
(a1, b1, . . . , al, bl, c) 7→ a1b1a
−1
1 b
−1
1 · · · albla
−1
l b
−1
l c
2.
Let Q2l+1 : G˜
2l+1 → G˜ be the projection to the last factor. We have µ˜∗χ = 2Q∗
2l+1χ, which
represents a nontrivial cohomology class. So µ˜ cannot be a group valued moment map, and we
cannot apply [AMM, Theorem 7.2] directly to µ˜ to conclude that X˜k = µ˜
−1(k) is connected.
4. connected sum of an even number of copies of the real projective plane
In this section, Σ is a compact nonorientable surface which is homeomorphic to the connected
sum of 2l+2 copies of RP 2, or equivalently, the connected sum of a Riemann surface of genus
l and a Klein bottle, where l > 1.
Let G be a connected, compact, semisimple Lie group, and let ρ : G˜ → G be the universal
covering map. The space Hom(pi1(Σ), G) can be identified with
X = {(a1, b1, . . . , al, bl, c1, c2) ∈ G
2l+2 | a1b1a
−1
1 b
−1
1 · · · albla
−1
l b
−1
l c
2
1c
2
2 = e},
where e is the identity element of G.
Let K = Kerρ ∼= pi1(G). There is an obstruction map
o2 : Hom(pi1(Σ), G) ∼= X → K/2K
defined by
(a1, b1, . . . , al, bl, c1, c2) ∈ X 7→ a˜1b˜1a˜
−1
1 b˜
−1
1 · · · a˜lb˜la˜
−1
l b˜
−1
l c˜
2
1c˜
2
2 ∈ K/2K,
where (a˜1, b˜1 . . . , a˜l, b˜l, c˜1, c˜2) is a preimage of (a1, b1, . . . , al, bl, c1, c2) under ρ
2l+2 : G˜2l+2 →
G2l+2. It is easily checked that the definition does not depend on the choice of (a˜1, b˜1, . . . , a˜l, b˜l, c˜1, c˜2)
and o2 decends to a continuous map
o¯2 : Hom(pi1(Σ), G)/G→ K/2K.
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For each k ∈ K, define
X˜k = {(a1, b1, . . . , al, bl, c1, c2) ∈ G˜
2l+2 | a1b1a
−1
1 b
−1
1 · · · albla
−1
l b
−1
l c
2
1c
2
2 = k}.
Let k¯ be the image of k under K → K/2K. Then there is a surjective continuous map
X˜k → o¯
−1
2 (k¯)
which is the restriction of G˜2l+2
ρ2l+2
→ G2l+2 → G2l+2/G, where G acts on G˜2l+2 by diagonal
conjugation. For each k ∈ K, X˜k contains (µ
l
G˜
)−1(k) × {e} × {e} which is nonempty by Fact
3. Therefore, o¯2 is surjective. It remains to show that X˜k is connected for all k ∈ K, which
will imply that o¯−12 (k¯) is connected for all k¯ ∈ K/2K.
Let Q′ : G˜2l+2 → G˜2 be the projection to the last two factors. The restriction of Q′ to
X˜k gives a map Q : X˜k → G˜
2, (a1, b1, . . . , al, bl, c1, c2) 7→ (c1, c2). Fact 3 implies that Q is
surjective and Q−1(c1, c2) is connected for all (c1, c2) ∈ G˜
2. Let q ∈ T be a square root of
k ∈ Z(G˜), where we fix a maximal torus T of G˜. To prove that X˜k is connected, it suffices to
show that for any (c1, c2) ∈ G˜
2, there is a path γ : [0, 1] → X˜k such that γ(0) ∈ Q
−1(e˜, q) and
γ(1) ∈ Q−1(c1, c2), where e˜ is the identity element of G˜.
For any (c1, c2) ∈ G˜
2, there exists g1, g2 ∈ G˜ such that g
−1
j cjgj ∈ T for j = 1, 2. Let g˜
and t be the Lie algebras of G˜ and T , repsectively. Let exp : g˜ → G˜ be the exponential map.
Then g−11 c1g1 = exp ξ1 for some ξ1 ∈ t, and g
−1
2 c2g2q
−1 = exp ξ2 for some ξ2 ∈ t. Let W be
the Weyl group of G˜, and let w ∈ W be a Coxeter element. The linear map w : t → t has
no eigenvalue equal to 1, so there exists ξ′j ∈ t such that w · ξ
′
j − ξ
′
j = ξj for j = 1, 2, where
w = aT ∈ N(T )/T =W for some a ∈ G˜. We have
a exp(tξ′j)a
−1 exp(−tξ′j) = exp(tξj)
for any t ∈ R, where j = 1, 2.
The group G˜ is connected, so there exist paths g˜j : [0, 1] → G˜ such that g˜j(0) = e˜ and
g˜j(1) = gj for j = 1, 2. Define γ : [0, 1] → G˜
2l+2 by
γ(t) = (a2(t), b2(t), a1(t), b1(t), e˜, . . . , e˜, c1(t), c2(t))
where
aj(t) = g˜j(t)ag˜j(t)
−1, bj(t) = g˜j(t) exp(−2tξ
′
j)g˜j(t)
−1
for j = 1, 2, and
c1(t) = g˜1(t) exp(tξ1)g˜1(t)
−1, c2(t) = g˜2(t)q exp(tξ2)g˜2(t)
−1.
Then the image of γ lies in X˜k, γ(0) = (a, e˜, a, e˜, e˜, . . . , e˜, q) ∈ Q
−1(e˜, q), and
γ(1) = (g2ag
−1
2 , g2 exp(−2ξ
′
2)g
−1
2 , g1ag
−1
1 , g1 exp(−2ξ
′
1)g
−1
1 , e˜, . . . , e˜, c1, c2) ∈ Q
−1(c1, c2).
Remark 5. Let G˜ be as above, and define µ˜ : G˜2l+2 → G˜ by
(a1, b1, . . . , al, bl, c1, c2) 7→ a1b1a
−1
1 b
−1
1 · · · albla
−1
l b
−1
l c
2
1c
2
2.
Let Q2l+1 and Q2l+2 denote the projections from G
2l+2 to the (2l+1)-th and (2l+2)-th factors,
respectively. We have µ˜∗χ = 2Q∗
2l+1χ + 2Q
∗
2l+2χ, which represents a nontrivial cohomology
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class. So µ˜ cannot be a group valued moment map, and we cannot apply [AMM, Theorem 7.2]
directly to µ˜ to conclude that X˜k = µ˜
−1(k) is connected.
5. The cases k = 1, 2, 4
Let G be a compact, semisimple, connected and simply connected Lie group. By Theorem 2,
Hom(pi1(Σ), G)/G is connected if Σ is the connected sum of k copies of RP
2, where k 6= 1, 2, 4.
For k = 1, we have
Hom(pi1(RP
2), G)/G = {g ∈ G | g2 = e}/G,
where G acts by conjugation. In particular, for n > 1,
Hom(pi1(RP
2), SU(n))/SU(n) ∼=
{(
−I2j 0
0 In−2j
)∣∣∣∣ j = 0, 1, . . . ,
[n
2
]}
,
where Im denotes the m×m identity matrix. For n > 2,
Hom(pi1(RP
2), Spin(n))/Spin(n) ∼=
{
(−1)je1e2 · · · e2j | j = 0, 1, . . . ,
[n
2
]}
,
where we view Spin(n) as a subset of the real Clifford algebra Cn, and {e1, . . . , en} is an
orthonormal basis for Rn. For n > 0,
Hom(pi1(RP
2), Sp(n))/Sp(n) ∼=




−Ik 0
0 In−k
0
0
−Ik 0
0 In−k


∣∣∣∣∣∣∣∣
k = 0, 1, . . . , n


.
So Theorem 2 is not true for k = 1.
It is not clear to us if Theorem 2 is true for k = 2. We expect Theorem 2 to hold for k = 4,
but we do not know how to prove it using the approach in this paper.
Appendix A. Obstruction class
Let Σ be a connected closed compact surface. Let G be a connected, compact, semisimple
Lie group. Let ρ : G˜→ G be the universal covering map which is also a group homomorphism.
Then Kerρ is contained in the center Z(G˜) of G˜. Let K = Kerρ ∼= pi1(G) which is a finite
abelian group.
In this appendix, we will give several interpretations of the obstruction map
o2 : Hom(pi1(Σ), G)→ H
2(Σ;K).
Note that the definition in Section 3 can be extended to the case l = 0, and the definition
in Secton 4 can be extended to the cases l = 0, 1. If Σ is homeomorphic to a 2-sphere, then
Hom(pi1(Σ), G) consists of a single point e. We extend the definition in Section 2 to the genus
zero case by defining o2(e) to be the identity element of H
2(Σ;K). So the obstruction map o2
is defined for any closed compact surfaces Σ.
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A.1. Non-abelian cohomology of groups. For an account of non-abelian cohomology of
groups, see [Se, Chapter VII, Appendix].
We have a short exact sequence of groups
(2) 1→ K → G˜→ G→ 1.
Let pi1(Σ) act trivially on (2) on the left so that (2) can be viewed as a short exact sequence
of (non-abelian) pi1(Σ)-modules. The short exact sequence (2) gives rise to the following long
exact sequence of pointed sets [Se, Chapter VII, Appendix, Proposition 2]:
(3)
1 → H0(pi1(Σ),K) → H
0(pi1(Σ), G˜) → H
0(pi1(Σ), G)
δ
→ H1(pi1(Σ),K) → H
1(pi1(Σ), G˜) → H
1(pi1(Σ), G)
∆
→ H2(pi1(Σ),K)
which can be rewritten as
(4)
1 → K → G˜ → G
δ
→ Hom(pi1(Σ),K) → Hom(pi1(Σ), G˜)/G˜ → Hom(pi1(Σ), G)/G
∆
→ H2(pi1(Σ),K)
by checking the definitions.
Let p ∈ Hom(pi1(Σ), G) represent a point p¯ ∈ H
1(pi1(Σ), G) ∼= Hom(pi1(Σ), G)/G. From
the exact sequence of (4), p can be lifted to a homomophism p˜ : pi1(Σ) → G˜ if and only if
∆(p¯) is the identity element of H2(pi1(Σ),K). From the explicit expression of the obstruction
map o2 : Hom(pi1(Σ), G) → H
2(Σ;K) we see that o2(p) is the identity element of the group
H2(Σ;K) if and only if p can be lifted to a homomorphism p˜ : pi1(Σ)→ G˜. Actually,
∆ : H1(pi1(Σ), G)→ H
2(pi1(Σ),K)
coincides with
o¯2 : Hom(pi1(Σ), G)/G → H
2(Σ;K)
under the identifications
H1(pi1(Σ), G) ∼= Hom(pi1(Σ), G)/G, H
2(pi1(Σ),K) ∼= H
2(Σ;K),
where H2(pi1(Σ),K) ∼= H
2(Σ;K) because Σ is the Eilenberg-MacLane space K(pi1(Σ), 1).
A.2. Non-abelian Cˇech cohomology. For an account of of non-abelian Cˇech cohomology,
see [LM, Appendix A].
A.2.1. Flat bundles. Given a group A, let A also denote the sheaf on Σ for which A(U) is the
group of locally constant functions from U to A, where U is any open subset of Σ. The short
exact sequence of sheaves
1→ K → G˜→ G→ 1
gives rise to the following long exact sequences of non-abelian Cˇech cohomology [LM, Remark
A.2]
(5)
1 → H0(Σ;K) → H0(Σ; G˜) → H0(Σ;G)
δ
→ H1(Σ;K) → H1(Σ; G˜) → H1(Σ;G)
∆
→ H2(Σ;K)
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which can be rewritten as
(6)
1 → K → G˜ → G
δ
→ H1(Σ;K) → H1(Σ; G˜) → H1(Σ;G)
∆
→ H2(Σ;K)
by checking the definitions. The pointed sets H1(Σ; G˜) and H1(Σ;G) can be identified with
the moduli spaces of gauge equivalance classes of flat G˜-bundles and G-bundles, respectively.
The map δ in (6) is the trivial group homomorphism, while the map ∆ in (6) sends a gauge
equivalence class of flat G-bundles to the obstruction to lifting it to a gauge equivalence class
of flat G˜-bundles. Actually,
∆ : H1(Σ;G)→ H2(Σ;K)
coincides with
o¯2 : Hom(pi1(Σ), G)/G → H
2(Σ;K)
under the identification H1(Σ;G) ∼= Hom(pi1(Σ), G)/G.
A.2.2. Topological bundles. Given a group A, let A denote the sheaf on Σ for which A(U) is
the group of continuous functions from U to A, where U is any open subset of Σ. Note that
K = K since K is discrete. The short exact sequence of sheaves
1→ K → G˜→ G→ 1
gives rise to the following long exact sequence of Cˇech cohomology
(7)
1 → H0(Σ;K) → H0(Σ; G˜) → H0(Σ, G)
δ′
→ H1(Σ;K) → H1(Σ; G˜) → H1(Σ;G)
∆′
→ H2(Σ;K).
The pointed sets H1(Σ; G˜) and H1(Σ;G) can be identified with the set of equivalence classes of
topological principal G˜-bundles andG-bundles, respectively. Note thatH1(Σ;K) ∼= Hom(pi1(Σ),K).
The exact sequence (7) can be rewritten as
(8)
1 → K → Map(Σ, G˜) → Map(Σ, G)
δ′
→ Hom(pi1(Σ),K) → PrinG˜(Σ) → PrinG(Σ)
∆′
→ H2(Σ,K).
The map δ′ sends f : Σ → G to f∗ : pi1(Σ) → pi1(G) ∼= K, and ∆
′ sends a principal G-bundle
to the obstruction to lifting it to a principal G˜-bundle. For example, if G = SO(n) (n > 2),
then K = Z/2Z, and ∆′(P ) is the second Stiefel-Whitney class w2(P ) ∈ H
2(Σ,Z/2Z).
We have a commutative diagram of sheaves
1 −−−−→ K −−−−→ G˜ −−−−→ G −−−−→ 1y
y
y
1 −−−−→ K −−−−→ G˜ −−−−→ G −−−−→ 1
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which induces a morphism from (5) to (7). In particular, we have the following commutative
diagram
H1(Σ;G) =Hom(pi1(Σ), G)/G
∆
−−−−→ H2(Σ;K)
i
y idy
H1(Σ;G) = PrinG(Σ)
∆′
−−−−→ H2(Σ;K)
where i sends a flat G-bundle to the underlying topological principal G-bundle. Therefore,
if P is the underlying topological principal G-bundle of a flat G-bundle associated to p ∈
Hom(pi1(Σ), G), then ∆
′(P ) = o2(p) ∈ H
2(Σ;K).
A.3. Obstruction theory. For an account of obstruction theory of fiber bundles, see [St].
The first obstruction to the triviality of a principal G-bundle P over Σ, or equivalently, the
first obstruction of existence of a cross-section, lies in H1(Σ;pi0(G)), which vanishes because G
is connected. So P is trival over the 1-skeleton. The second obstruction lies in H2(Σ;pi1(G)) =
H2(Σ;K) and coincides with ∆′(P ), the obstruction to lifting P to a principal G˜-bundle. For
a surface Σ, ∆′(P ) is the only obstruction to the triviality of P . So the topological principal
G-bundles over Σ are classified by ∆′(P ) ∈ H2(Σ;K). The set PrinG˜(Σ) consists of a single
point corresponding to the trivial G˜-bundle, and ∆′ in (7) is a bijection.
Note that if G is not simply connected, then there exists nontrivial topological G-bundles
over S2, but the underlying topological principal G-bundle of a flat G-bundle over S2 must be
trivial. So ∆ sends the only point in H1(S2;G) = H1(pi1(S
2), G)) to the identity element of
H2(S2;K) = H2(pi1(S
2),K).
A.4. Elementary approach. There is an elementary approach to the classification of topo-
logical principal G-bundles over Σ which we learned from E. Meinrenken. Let D be a disc
around a point x ∈ Σ. Any principal G-bundle P is trival over D and over Σ \ {x}, and
the topological type of P is determined by the homotopy class of the transition function
ψ : D \ {x} → G, or equivalently, an element in K = pi1(G). This gives a surjective map
K → PrinG(Σ) which is injective if Σ is orientable and induces a bijection K/2K → PrinG(Σ)
if Σ is nonorientable. Therefore, we have a bijection
φ : H2(Σ;K)→ PrinG(Σ).
The argument in [Li, Section 6] shows that if P is the underlying topological principal G-bundle
of a flat G-bundle associated to p ∈ Hom(pi1(Σ), G), then φ(o2(p)) = P .
Based on above discussions, Theorem 1 and Theorem 2 can be reformulated as follows.
Theorem 6. Let Σ be a closed compact orientable surface of genus l > 0, or a closed compact
nonorientable surface which is homeomorphic to k copies of the real projective plane, where k 6=
1, 2, 4. Let G be a connected, compact, semisimple Lie group, and let P be a topological principal
G-bundle over Σ. Then the moduli space of gauge equivalence classes of flat connections on P
is nonempty and connected.
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